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l. INTRODUCTION

For the study of this class ofstarlikefunctions ,let us
define the function f of the form

f(z)= Z+iakzk
k=2

This is analytic in the unit disc E = {Z;|Z| <1} and

denote the class of such functions by A.

let S denote the class of functions in A that are
univalent inU .

In 1916, for the functions f (Z) e S, Bieber Bach [3]
proved the result|a2| < 2.1n 1917 and 1923, for the

same functions, Lowner ([8], [9]) proved that|a3| <3
. With these results|a2| <2 and|a3| < 3, for the class
S it was very easy to draw out the relation between a,

and a22 .

Fekete and Szeg6 find the relationship between the
bonds of second and third coefficients for the function
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f(z)and study the estimation of the upper bound of

‘a3 —,uazz‘. The well-known result by Feketeand
Szeg0d[7] states that:

If f (z) =7+ z a, z* is analytic and univalent in E
k=2
then for real perameter ¢ , we have

3-4u if u<0

-2 .
la, - 1| < 1+exp| —<# if 0<u<1
1-p
4y—3 it u>1
The result is sharp, in other words for each u there

exists a function for which equality hold and that
functions are called extremals.

This inequality is very much helpful in determining
estimates of higher coefficients for some subclasses S
(See Chhichra [5], Babalola [2]).

Starlikefunction:A function f € A is called Starlike
function in the unit disc E if it is univalent in E and
maps |Z| < 1conformally on to Starlikedomain.The
subclass which contains all univalent Starlike

functions, denoted by S” was firstly studied by
Alexlander [1]. Duren [6] introduced the necessary

and sufficient condition for a function f € A isto be
in S” is that
zf'(z
Re —() >0,zeE
f(2)

Analytic bounded functions: Class of analytic
bounded function is of the form

w(z)= nZ::cnz”,w(o) =0,/w(z) <1.

ICONIC RESEARCH AND ENGINEERING JOURNALS 279



© JUN 2024 | IRE Journals | Volume 7 Issue 12 | ISSN: 2456-8880

It is known that |C1| < 1,|C2| < 1—|C1|2.

Definition:For the function f (Z)the class of Starlike
functions is defined as

SL(p2)= {f s Re{;(sz'g;) \ p;;p'gm Lo E}

Theorem 1. Let the analytic function

f(z)=z+ D a,z" belongs the class SL(pz)of
n=2
starlikefunctions, then

Ap*-prt)ralp’ep) 4w s (07+0)
(:«‘)p’—p’—p+3sz—p+1)Z (pz—p+1)z B -pT-p3)
4 o ren) 2 petf (o7 )
fas - | < Bp"— p*—p+3) B -p"-p+3 Gp*—p - p+3)

2(p? - p+1)' +(p* +p)
3" - —p+3)

4u 4(p* -~ p+1)+ 4(p” + p)

2 Z (a2 2 2 Z suz
(p*=p+1f (@p*-p?-p+3p? - p+1)

The result is sharp.
Proof: By the definition of SL(p, Z), we have

[zf (pz)Jr pzf '(z)) L1+ w(z)
2 f(z)  f(pz) ) 1-w(z)

By expending the series

%((H p)+(p? — p+1Ra,z+(3p° - p? — p+3)a, —(p? + p)ad 2 ++-) =1+ 2¢,2 + (26, + 207 2% +

...... @.1)

Comparing coefficients of (1.1)
2c,

p’-p+1

a =7 ‘;’ c, + 4((92‘P+1)2+(92+P)) _c? .12
(Bp*-p?-p+3) (3p3—p2—p+3Xp2—p+1)

el 4 o ptf e p2p)  a |
oo el (3P3-PZ—P+3)‘CZ‘+{(3P“p27p+3)(p2—p+1)2 (p*- pﬂz\‘cl‘

((p—p+1) (p+p)) Y \ 4 }‘ ]

c
p —p+12 PZ*P+3) !
(13)

(p2 - p+1)2 +(p2 + p)
3p*-p®-p+3

Inequality (1.3) can be rewritten as

a, =

o4 \
.- (3p“fpzfp+3)+{\(3p p? - p+3)p? - p+1f

Case1: when i <

el 4 4(p*+p) 4y
‘aa /ﬁz‘ (SPS*FJZ*[)JrG}f{(SpZ—pz—p+3sz—p+1)2 (p2-p+1f

(p” + p)
—p?—p+3
Then equation (1.4) can be rewritten as

e +p) (p*-p+1f)  au
(p -p*- p+3Xp2_p+]_)2 (pz—p+l)2 ...(15)

}\cf\ ..(L4)

Sub case 1(a): When ¢ <

3p?

o] <
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Sub case 1(b): When
2
@2—p+ﬂ +(p?+p) o (p*+p)
3p°-p*-p+3 3p°~p’-p+3
then the equation (1.4) becomes
2 4
a3—ya2‘sm ...(L.6)
2 _p+1f +(p2+
Case2: When u = (p E )2 (p p)
3p°-p°-p+3
‘a —/132‘: 4 +{ 4u B 4((p2—p+1)7+(pz+p)) B }‘c ‘
¢ epr-pt - p+3) (p2-p+1f (Bp°-p>-p+3p>-p+1f Bp°-p?-p+3)™
..(L7)
Sub case 2(a): When
s 2Ap* = p)+(p? 1 p)
-~ 3p*-p*-p+3

Then the equation (1.7) becomes

— 1@? du _ 4((p2 + p)Jr(pz - p+1)z) 1.8
‘a3 ,uaz‘s 2 37p27p+3Xp27p+1)2 ()

(p-p+1f (@p
2(p2 - p+1)2 +(p2 + p)

Sub case 2(b): When

3p°-p*-p+3
> us (p;;fjplzt (§+ o
Then the equation (1.8) becomes
‘a3—ya§‘33p3_p‘2l_p+3 .9

Combining the equations (1.5), (1.6), (1.8) and (1.9).
We get the required coefficient inequality for SL( pZ)

The Extremal function for first and third inequality is

_ (2(3p3—3p2—3p+3)z—4(pz—p+1)z)z (3p°-3p 3n 3f (p —psaf
fl(z)_z{H (PP -p+1)3p°-p?-p+3)

Extremal function for second inequality is
4
1
f,(z)=2z31+ z°
() { 3p°—p? - p+l }
Corollary 1.1: Putting p =1 in SL( pZ) we get
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1
3-4 if <=
H H 5
2 .1 .
‘as—ﬂaz‘g 1 |f §<IU<1,
4u-3 it u>1

Which is the result obtained by [7].
Subclass SL(§, pZ)of class SL( pZ)

Now we introducethe subclass SL(5, pZ)of class
SL(pZ), which satisfies the condition

of {0 210 e

f(pz)
o 12000 ot (1ont)

Theorem 2. Let the analytic function

f (z)z Z+ Zanzn belongs to the set of the class
n=2
of starlikefunctions SL(5, pZ), then
45%(p? — p+1)+45%(p> +p) 47w

@p?-p?—p+3[p*-p+1f (p?-p+1)f
(G-1p? - p+1) +o(p?+p) _

< - 1)p* - p+l)+§(p +p)
5(@p* - p*-p+3)

PCEE) i p+1f +olp? +p)

45
@p"-p"-p+3)

[a - 13| < 5@pT-p?-p+3) 5@pT-p*-p+3)
467 45%(p? - p+1)+45°(p? + p) (>+1)(P P+1) +5(p?+ p)
(p?=p+1f (3p?—p*—p+3p*—p+1) s@p*—p*—p+3)

The result is sharp.
Proof: By the definition of SL(5, pZ), we have

- Y ()

By expending the series

(p? + pla2)e? +--) =1+ 28,2 + (28, + 2572 )2 * +

...... (21)

%((H p)+(p? —p+1pa,z+((3p* - p* -~ p+3p, -

Comparing coefficients of (2.1)

2,
a, = —
pc—p+1
2
8= 425 , + 452((p2 _ p+l) +(p2 + p))z Q2
(Bp*—p*-p+3]" " (3p— p? - p+3)p? - p+1)
el 4 a0 -peaf +lovp) a5t |
e ”az‘_(3p“p“p+3)‘cz‘+{\(3p3—pz—p+3)(p2—p+l)2 (b7 p+1f )|
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la, - 2| = 45 ‘ 45 ((P p+1f +(p’ +P)) 40/1 | 4 k
T By gt pr) IGoe-p?—p+3fp’—p+1f (p?—p+1f| Bp -p*-p+3)
-(22)

(p2 - p+1)2 +(p2 + p)
3p°-p’-p+3

Inequality (2.2) can be rewritten as

Casel: when <

il

45u

5 4.52((pZ - p+l)Z +(p2 + p))—4()‘(p2 - p+1)2
o ot +{ .
p’—p*-p+3)

Sub case 1(a): When

5 1)(p —p+l) +5(p +p)
(3p - p? p+3)5

equation (2.3) can be

((p +p) (P —p+1)) 45%u
TSP P ror) S
Sub case 1(b): When

(p27p+1)2+(p2+p)>[u (6- 1)(p 7p+1) +5(p +p)
3p*-p°-p+3 (3p -p?- p+3)5

Then rewritten as

s w\<

then the equation (2.3) becomes
46

3p° - p?
(p2 - p+1)2 +(p2 + p)

‘as —,uazz‘ < ...(2.5)

-p+3

Case2: When w1 2

3p°-p*-p+3
N v e sl L
Sub case 2(a): When
(§+1)(p - p+1) +5(p + p)
(3p -p’-p +3)
Then the equation (2.6) becomes
a - all< 48°u 452((p2+p)+(p2—p+1)2)
oo el p?—p+1f (@p*-p’-p+3)p?-p+1f -7)
Sub case 2(b): When
(§+1)(p2 -p +1)2 +5(p2 + p)
(Bp*-p2-p+3p
2ﬂz(lo—lwl) +(p? +p)
3p*-p°-p+3
Then the equation (2.6) becomes
, 45
‘a3_m2‘£3p3—p2—p+3 ...(2.8)

Combining the equations (2.4), (2.5), (2.7) and (2.8).
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-p+

i }‘cl‘ (2.3)
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We get the required coefficient inequality for
SL(5, pz)

The Extremal function for first and third inequality is
3p°-p’-p+3

1 (1) ol 2585 -39 50+ 3 ~a0(p? - paaf | e oo

! (p? - p+1fap’ —p’ - p+3)

Extremal function for second inequality is

((2)= z{1+ 5 }

z
3p°-p’-p+1

Corollary 2.1: Puttingd =1 in SL(5, pZ) we get

Ap?-p+1)+alpPep) 4w . (p?+p)

SHE
(sz—pz—p+31pz—p+l}2 (pz—p+1)2 “ B -p*-p+3)
4 . (0*+p)

[as—wa?| <{Bp? —p? —p+3 B -p -p+3)

2(p? -~ p+1)' +(p* + p)
Bp°—p?-p+3)

<p<

4 4(p* —p+1)+4(p*+ p)
(p?-p+1f (p?-p?-p+3fp? - p+1f

We get SL(5, pZ) :SL(pZ)for o=1
Corollary 2.2: Putting p=1 and 6 =1 in the

220 =pr1f (0 1 p)
T B -pi-p+3

theorem 2 we get
1
3-4 if <=
H H 2
2 e 1 :
‘as—,uaz‘s 1 if §<,u<1,
4u-3 it u>1

Which is the result obtained by [7].
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