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Abstract -- Graph Theory has been realized as one of the
most useful branches of Mathematics of recent origin with
wide applications to combinatorial problems and classical
algebraic problems. Graph theory has applications in
diverse areas such as social sciences, linguistics, physical
sciences, communication engineering etc. The theory of
domination in graphs is an emerging area of research in
graph theory today. It has been studied extensively and
finds applications to various branches of Science &
Technology. An introduction and an extensive overview on
domination in graphs and related topics is surveyed and
detailed in the two books by Haynes et al [13, 14]. Frucht
and Harary [11] introduced a new product on two graphs
G1 and G2, called corona product denoted by G18G2. The
object is to construct a new and simple operation on two
graphs G1 and G2 called their corona, with the property
that the group of the new graph is in general isomorphic
with the wreath product of the groups of G1 and of G2 .. In
this paper, some results on minimal signed and Roman
edge dominating functions of corona product graph of a
cycle with a complete graph are presented.

Indexed Terms: Corona Product, Cycle, Complete graph,
signed edge dominating function, Roman edge dominating
function

I INTRODUCTION

Domination Theory has a wide range of applications
to many fields like Engineering, Communication
Networks, Social sciences, linguistics, physical
sciences and many others. Allan, R.B. and Laskar,
R.[1], Cockayne, E.J. and Hedetniemi, S.T. [7] have
studied various domination parameters of graphs.

Products are often viewed as a convenient language
with which one can describe structures, but they are
increasingly being applied in more substantial ways.
Every branch of mathematics employs some notion of
product that enables the combination or
decomposition of its elemental structures.
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The concept of edge domination was introduced by
Mitchell and Hedetniemi [18] and it is explored by
many researchers. Arumugam and Velammal [6] have
discussed the edge domination in graphs while the
fractional edge domination in graphs is discussed in
Arumugam and Jerry [5]. The complementary edge
domination in graphs is studied by Kulli and Soner
[17] while Jayaram [16] has studied the line
dominating sets and obtained bounds for the line
domination number. The bipartite graphs with equal
edge domination number and maximum matching
cardinality are characterized by Dutton and
Klostermeyer [10] while Yannakakis and Gavril [20]
have shown that edge dominating set problem is NP-
complete even when restricted to planar or bipartite
graphs of maximum degree.

CORONA PRODUCT OF ¢, AND K,

The corona product of a cycle C,, with a complete
graph K, is a graph obtained by taking one copy of a
n — vertex graph C, and n copies of K,, and then
joining the it" vertex of C,, to every vertex of it" copy
of K,, . This graph is denoted by C, ® K,,.

The vertices of C, are denoted by vy, v,, ..., v, . The
edges in C, are denoted by ey, ey, ..., e, Where e; is
the edge joining the vertices v; and v;,4, i # n. For
i =n, e, isthe edge joining the vertices v,, and v;.

The vertices in the " copy of K, are denoted

by w;1, Wiz, ..., Wi The edges in the it" copy of K,,
m(m-1)
2

are denoted by [;;,j = 1,2, ...,

There are another type of edges in G denoted by
hij,i=12,..,n and j=12,..,m is the edge
joining the vertex v; of C, to vertex w;; of it" copy
of K,,,. These edges which are in G and related to the
it" copy of K, are denoted by h;q,hyy, ..., hyy and
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these are adjacent to each other and incident with the
vertex v; of C,.

Some properties of corona product graph G = C,,©K,,
are studied by Anita [2] and some results on minimal
edge dominating sets and functions of this graph are
presented in [3]. Further minimal total edge
dominating sets and functions of this graph are also
studied by the authors [4].

1. SIGNED EDGE DOMINATING
FUNCTION

The concept of Signed dominating function was
introduced by Dunbar et al., [9]. There is a variety of
possible applications for this variation of domination.
By assigning the values —1 or +1 to the vertices of a
graph we can model such things as networks of
positive and negative electrical charges, networks of
positive and negative spins of electrons and networks
of people or organizations in which global decisions
can be made.

In this section, we prove some theorems on minimal
signed edge dominating functions of the graph G =
C,© K,,. Let us recall the definitions of signed edge
dominating function and minimal signed edge
dominating function of a graph G(V, E).

Definition: Let G (V,E ) be a graph. A function f :
E — {—1,1} is called a signed edge dominating
function (SEDF) of G if

f(N[e]) = f(eh =1,ve€E®).

e’eN[e]

A signed edge dominating function f of G is called a
minimal signed edge dominating function (MSEDF) if
for all g < f,g is not a signed edge dominating
function.

We need the following Theorem which is presented in

2.

Theorem 2.1: The adjacency of an edge e in G =
C,OK,, is given by

2m+ 2,ife=¢; € C,,
adj(e) ={ 2m —2,ife = [;; € i*" copy of K, ,
Zm,ife = hl] € G = Cn® Km

IRE 1701575

Theorem 2.2: A function f: E — {—1,1} defined by

fle) =
{ —1,for (m — 1) edges e = ;; in each copy of K,,,
1, otherwise.

is a minimal signed edge dominating function of
G =C,®Kp,.

Proof: Let f be a function defined as in the hypothesis.
By the definition of the function - 1 is assigned to
(m — 1) edges [;; in each copy of K, in G and 1 is
signed to the remaining edges of G. The summation
value taken over N[e] of e € E is as follows.

Case 1: Lete; € C,, besuchthatadj(e;) = 2m + 2
inG.

Then NJe; ] contains three edges of C,, and 2m edges
which are drawn from the vertices v; and
;41 respectively to the m vertices of i*" and (i + 1)t"
copies of K, and their functional value is 1.

Therefore Z f(e)
e € N[e;j]
=14+14+14+[14+14+1]

2m—times

=2m+ 3.

Case 2: Let I;;, € i*" copy of K,,. By the definition
of f, (m—1)edges [; are assigned -1 and the
remaining edges are assigned 1.

By Theorem 2.1, adj(l;x) = 2m — 2. That is the
edge [ isadjacentto (2m — 4) edges [;;, j # k and
two edges h;;. Here f(h;;) = 1.

S0 ) fe) = [n= D=1+ (m—2)(V)]
e € N[lj]
+1+1=1

Now for all other possibilities of functional values of
Lij that are adjacent to
L. k= 1,2,...,m, we could see that

Z fle)> 1.

eEN[lij]

Case 3: Let h;; € C,® K, be such that adj(h;; ) =
2m in G.
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Then N|[h;; | contains two edges of C, , m edges h;;
and (m — 1) edges [;; in Ky,.

Suppose f(1;;) = —1forall (m — 1) edges [;; that are
adjacent to h;;. Then

fle)=1+1+ [(m-D(-1D) + (m)(D)]
e € N[h;j]
= 3.

Suppose f(1;;) = 1 forall (m — 1) edges [;; that are

adjacent to h;;. Then

fe)=1+1+ [(m— 1)+ m)(1)]
eeN[hij]
=2m+ 1.

Thus as in Case 2 for all other possibilities of

functional values for the (m—l) edges that are

adjacent to hij we could see that
Z fle)> 1.
eEN[hl‘]’]

Therefore, for all possibilities we get

Z f(e) =1,foralle € E(G).

e€E(G)
Hence f is a signed edge dominating function.
We now check for the minimality of f.
Defineafunctiong: E - {-1,1} by

g(e)
{—1, for one edge hy ,

—1,for (m — 1) edges [;; in each copy of K,,,

1, otherwise.

Since strict inequality holds at h;; it follows that g <

f.

Case (i): Lete; € C, besuchthat adj(e;) = 2m + 2
inG.

Sub Case 1: Let h;, € N[e;]. Then
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Z ge)=—1+1+14+[14+14+-4+1]
eeNle;] 2m~—times

=2m+ 1.

Sub Case 2: Let h;, € N[e;]. Then

Z ge)=1+14+14+[14+1++1]
eeNle;] 2m~—times

=2m+ 3.

Case (ii): Let I € i*" copy of K,,,. Then adj(l;, ) =
2m—2 ingG.

Sub Case 1: Let hy, € N[l;]. Then

ge) = [(m—-1(=1)+ m-1)(1)]
e € N[lik]

+ (-1 =-1.

Sub Case 2: Let hy € N[l ]. Then

> 9@ = [n-DED +on- DO +1
=1.

Now for all other possibilities of functional values of
l;; that are adjacent to l;; we could see that

2 ge)>1.
eEN[lij]

Case (iii): Let h;; € C,O K, be such that
adj(h;;)=2m in G,
Sub case 1: Let by, € N[h;;].

Suppose g(1;;) = —1 forall (m — 1) edges [;; that are
adjacent to h;;. Then

ge)=1+1
eeN[h,-]-]
+ [(m-1)(-1) + (m — 1)(1)]
+(-1)=1.

Suppose g(1;) = 1 forall (m — 1) edges I; that are
adjacent to h;;. Then
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gle)=1+1
eeN[h,-j]
+[(m-1)(1) + (m - 1)(1)]
+(-1)=2m-1.

Sub Case 2: Let hy & N[h].

Suppose g(1;;) = —1 for all (m —1) edges I;; that
are adjacent to h;;. Then

g(e)=1+1+ [(m—-1D(-1)+ (m)(1)]
e € N[h;j]
= 3.

Suppose g(1;;) = 1 forall (m — 1) edges 1;; that are
adjacent to h;;. Then

g(e) = 1+1+[(m—-1() + (m)(1)]
e € N[h;j]
=2m+ 1.

We see that

Z g(e) <1, for somee € E(G).

eeE[G ]

So g is not an edge dominating function. Since g is
defined arbitrarily, it follows that there exists no g <
f such that g is an edge dominating function.

Thus f is a minimal signed edge dominating function.
]

Il ROMAN EDGE DOMINATING
FUNCTION

The Roman dominating function of a graph G
was defined by Cockayne et al. [8]. The definition of
a Roman dominating function was motivated by an
article in Scientific American by lan Stewart [15]
entitled “Defend the Roman Empire!”, Henning et.al
[12] and suggested even earlier by ReVelle [19].

In this section first we recall the definitions of Roman
edge dominating function of a graph. Later results on
minimal Roman edge dominating functions of G =
C,® K, are discussed.

Definition: Let G (V,E) be a graph. A function f :
E —{0,1,2} is called a Roman edge dominating
function (REDF) of G if

f(N[e])
= Z fe')y=1,ve

e’eN[e]

€ E(G)

and satisfying the condition that every edge e for
which f(e) = 0 is adjacent to at least one edge e’
for which f (e") = 2.

A Roman edge dominating function f of G is called
a minimal Roman edge dominating function
(MREDF) ifforall g < f, g isnotaRoman edge
dominating function.

Theorem 3.1: A function f : E — {0,1,2 } defined
by

f(e) =
{2 ,for (m — 1) edges h;; in C,© K, ,
0, otherwise.

is a minimal Roman edge dominating function of G =
C.OK,,.

Proof: Let f be a function defined as in the hypothesis.

Case 1: Lete; € C, besuchthat adj(e;) = 2m + 2
inG.

Then Nfe;] contains m edges h;q, hjy, ..., hyy, Of G
,again medges h 1)1, Rir1)2) -+ Rgs1ym Of G and
three edges of C,,.

So Z fe)=0+0+0+[2+2+--+2]+0
eeNle;] (2m-2)times

+0=4m —4.

Case 2: Let I;; € i*" copy of K. Then adj(l;;) =
2m—-2inG.

Then N[li]-] contains (2m — 3) edges of K,, and
two edges hy; of G. Then

Z F@ =[0+0+-+0]+2+2

e e N[1;] (2m-3)—times
=4,
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or

Z f@) =[0+0++0]+2+0
efN[lij] (2m-3)—times
= 2.

Case 3: Let h;; € C,® K, be suchthat adj( h;) =
2m inG.

Then Z f(e)
e eN[h;j]
=0+0
+[(m—-1)2+(m—-1)0]+0
=2m— 2.

Therefore for all possibilities, we get

Z fle)> 1.

e€E|[G]

Let e be an edge of G such that f(e) = 0 and e’ be
another edge of G such that e’ + e and f(e') =2.
Then we show that e and e’ are adjacent.

Now f(e) = 0 implies e = e; € €, for some i, or
e =1, forsomei=1,2,..,nand j=1,2,..,m.

Now f(e') = 2 impliese’ = h;;, i =1,2,...,nand

j=12, .., (m-1).

ij

Suppose e = e; € C,,. Then obviously e; and h;; are
adjacent. That is e and e’are adjacent.

Suppose e = l;; for some i and j. Then l;; and h;;
are adjacent. That is e and e’are adjacent.

This implies that fis a Roman edge dominating
function. Now we
check  for the  minimality  of f.
Define a function g: E - {0,1,2} by g(e) =
1,for one edge h; in C,© K,,,
2,for (m — 2)edges h;;in C,©K,,, j#k,
0, otherwise.

Since strict inequality holds at an edge h;y, it follows
thatg < f.

Case (i): Let e; € C,, besuchthat adj(e;) =2m +
2 in G.
Sub Case 1. Let hy, € N[e;]. Then
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ge)=0+0+0+[2+24+--4+2]+1
e e Nle;] (2m-3)times

+0+0=4m->5.

Sub Case 2: Let h;, ¢ Nle;]. Then

Z ge)=0+0+0+[2+2+--+2]4+0

eeNle;] (2m-2)times

+0=4m — 4.

Case (ii): Let I;; € i copy of K,,. Thenadj(1;) =
2m—-2inG.

Sub Case 1: Let hy € N[l;]. Then

Z g@) =[0+0++0]+1+2
eeN[lU] (2m-3)times
=3,

or

Z g@)=[0+0++0]+1+0
eeN[lU] (2m-3)times
=1

Sub Case 2: Let hy & N[l;;]. Then

Z ge)=[0+0+--+0]+2+2
eeN[li]-] (2m-3)times
=4,

or

ge)=[0+0+--+0]+2+0
e € N[1;j] (2m-3)times
= 2.

Case (iii): Let h; € C,OKy, be such that

adj( h;)=2m inG.

Sub Case 1: Let hy € N[h;;]. Then

Z ge)=0+0+[(m—-2)2+m(0)]+1
eEN[hi]']
=2m— 3.

Sub Case 2: Let hy & N[h;;].
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Z g(€) =0+ 0+ [(m—1)2 + m(0)]
e eN[h;j]
=2m — 2.

Hence for all possibilities, we get

g(e) >1 forall e
eeE(G)
€ E(G).
i.e. g isan edge dominating function. But g is not a
Roman edge dominating function, since the REDF
definition fails in the i** copy of K,, inG.

Let the edge I;; € i™ copy of K, . Then g( ;) =
0. We know that every edge l;; in Ky, is adjacent to

twoedges h;;,j=1,2,..,m.

ij

The condition of Roman dominating function fails for
the edge [;; which isadjacentto hy and h;; where

g(hik) = 1andg(hij) = 0.

Thus f is a minimal Roman edge dominating
function. m

V. ILLUSTRATIONS
4.1 Minimal Signed Edge Dominating Function
Theorem 2.2

The functional values are given at each edge of the
graph G.
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G = C4®K8
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4.2 Minimal Roman Edge Dominating Function
Theorem 3.1

The functional values are given at each edge of the
graph G.

G = C8®K3
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