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Abstract -- In this paper, we consider the parabolic initial By using Holder's inequality and Poincaré's
boundary value problem. Then, we describe the bilinear . .

form of the parabolic advection- diffusion problem. . inequality, |a (W’V)|
Finally, we prove the convergence of the semi implicit

scheme for the problem. 1
<e|Vwl, [V, +5 Cuf[vwl, [vvi

Indexed Terms - Advection- Diffusion Equation, semi

implicit scheme, convergence +;C2 HVVHO HVWHO +1,C,C, HVWHO HVVHO
1 1
) INTRODUCTION [a(w,v)| = (e+1+w) (IVw[)2 (V)2
We consider the parabolic advection-diffusion problem where c,C, =1.
as follows:

2w, )| < vljw], |v

. 1 Where y —g414p,
Givenf e 1*(Q,)andu, € L*(€),

. Therefore the bilinear form a(:,) is continuous.
find U e L2 (0,T; V)N C® ([0, T]; L (€2)) sch that ¢

The stability condition for the 6 -scheme is,

d
a(u(t),v) +a(u(t),v) = (f(t),v), W e V} (1) o (2.5)
o
U(O)=UO, Atg—(l_ze)yz .
where V =H{ (). For a small ¢ this becomes
The bilinear form is Ch%
a(w,v) :j |:8VW-VV - %Zn:(biwDiv - biVDiW)Jr}J.WV}dX. B (1— 29)(82 +1+ P-f) .
? = (2

1. NUMERICAL SCHEMES

We will prove that a (-, ) is continuous as follows:
We consider the semi-discrete (continuous in time)

approximation of the advection-diffusion initial

la(w,v)| = .
boundary value problem (1):

d
a(uh (1), vi) +a(uy (1), v,) = (F (1), v, ),

L=y [W][VV] X W, eV, te(0T) ®
u, (0) = ug,,.

J-QSVW-VVdX—g J.Qg(biw Div—bivDiW)dx+IQuwvdx

1
gs'fﬂ\VW\ \Vv\ dx+E IQHb

1
+EIQ\\b o V][V WX +ulfQ\WHV\dX-
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Here V, < H; (Q) is a suitable finite-dimensional

space and U, € V/, approximates the initial datum

Up.
2.1) A Semi -Implicit Scheme

We consider the semi-implicit time-discretization
approach. This consists in evaluating the principal

part of operator L at time level t whereas the

n+1?
remaining parts are considered at the time t,. This
scheme reads

for each n=0,1,.., N-1.
i(ug” —uﬂ,vh)+s(Vuﬂ”,Vvh)—Zn:(biuﬂ, DV, )
i=1

+(a0u:,vh):(f (tM),vh), Y, eV, +(4)

Ug =Ugp,
We study semi-discrete methods based on the so-

called 6-scheme:

At
Ug =Ugph»
foreach n=0,1, ..., N-1, where 0<0<1 At =

time step, N is a positive integer, and y,, ¢V, is a

suitable approximation of the initial datum ug.

This includes the schemes: forward Euler
(6=0), backward Euler (e = 1) and Crank-Nicolson

1).
(-3
The elliptic projection operator]‘[fh is defined as

follows: For each VeV

i (V) eV, implies a(TT, (v),v, ) =a(v,v,) WV, €V,

2.2 Theorem

Assume that u, € H; (Q) and that the solution u to (1)

ou

is such that = c 2 (O,T; HL (Q)) and
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du cl? (O,T; 12 (Q)).Then Uy defined in (4) satisfies

Ed

foreach n=0,1,...,N

Osu(l— i )u(t,)

up —u(t,)

J+exp(Ct,)

2

(-15) 5 6)

]ds} )

where Hf  is the elliptic projection operator and C_ >0 is

ds

2 t,
x{nuo,h— ) c

2
%

au
EAUNERR

2 s)

1

+C, (At)’ IO‘{

. - -1
a non-decreasing function of € .

Proof
Set nﬂ = UE —

i (u(t,))in @),

Then, we obtain

i(u:”—u:.vh)+a(9ug“+(l—e)uﬂ,vh)=(9f (ton)+(1-0)F(t,).V, ). YV, €V,

(T (U ()~ T (u(t,) v

+£(VT]E+1 + vah (U (tn+1))’vvh)
-3 (b + by TT, (u(t,)) D)
i-1

+(aonﬂ +a, [T}, (u(tn)),vh):(f (tha):Vy )-

That is,

i(nﬂﬂ —"h» Vi )+8(Vnﬂ+1,VVh )—i(bmﬂ D, )+(aonﬂ’vh)
1
= (f (tn+1)'vh )_E(Hrh (u(tn+1)_u (tn ))’Vh)

~(VIT (u(t)). )

é(bi [T, (u(t,)). Divh)—(a0 IT5, (u(t,)). vs )

E(nﬂﬂ ~Th» Vi ) + S(Vnﬂﬂv W, )

n

—Z(bmﬂ, Div, )+(aon2 ' Vh)

i=1
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- (f(tnﬂ)"’h)‘i(mh(U(tnﬂ)—U(tn))’Vh) =[Z—u(tm),vh}i(nﬁ(u(tm)-u(tn)),vh)
_Sn(vu(t”“)’wh) + (0,11 (u(,)).D )
+i§,(biu(tn),Divh)_(aOU(tn),vh)—a(VU(tn),VVh) (3o 1, (u(t, ). vy ) —(V T, (u(t, ). Vv, )
+e(VIT (u(t,)). v, )+ 3 (bu(t,..). D, ) +6(VIT (u(t,)) Vv, )

. = —i b TT¥, (u(t,.1)). Divy, )+ (@ T, (U(tos)) s Vi )
_Zl(binfh (u(t,..)).D.v, )= (apu(t,.,).v,) i:( ( ). D, )+( ( )V, )

. 1 n+
+(a0 Hf__h (u(tm1 )),\:h ) (T]h _nh'vh)+8(vﬂh 1’VVh)

(6)
_ o —Z(binﬂ,Divh)+(a0nﬂ,vh)=(sﬂ,vh),(7)

On the other hand, the solution u satisfies i=1

ou n - - .
(E(tml)lvh):(f (tn+1)vh)_8(vu(tn+1)vvvh) where g, € V, is defined by the relation

3 _ n au u tﬂ+ _u tn
+;(biu(tn+1)’Divh) (aou(tml)’vh)' (ghlvh)_(at(tml)_(l)At()’vhJ

1 t, +

Thus, (6 ) becomes +EU‘" l(I Hlkh) (s)ds, vhj

n

1 n+: n n+: n n n
" (nh l_nhvvh)+8(vnh l’VVh)_ =1 <binh,Dth)+(aonh,Vh) +Z(bi 1_[11(;h (u(tn)—u(t“+1)),Dth]

(aollih(u(tn) u(tn+1))’ h)'
= [Qu(tn ).V, j——l (I iy (u(t )-u(t )) \ )+ En (b»u(t ),D,v )(8)
ot +1/) %h At 1h n+l n/)»%h i n/r»=i%h

i=1

Therefore nﬂ satisfies a scheme like (4 ). we have
~(au(t,). vy )—&(Vu(t,), Vv, ) +&(VIL, (u(t,)), ¥, ) [ zﬁ[”“o,h 1T, (u || j(g)

xexp[Clt?”( i,(Q))}.

The first term at the right hand side of (8) can be
estimated as follows:

(22t | 2 ) s v
L[ e Jes

_Zn:(binfh< u(ty.)), DVh) (aUH;h(u(tnﬂ))'vh)'

i=1

Let us further recall that the definition of ]_['f’ , reads

—a(Vu(tn),Vvh ))+§(biu (tn ): Dv, )_(aou(tn )’Vh)

; At

=—¢(VII, (u(t,)), Vvh)+zl(b IT, (u(t,)), Dvy )= (a0 T, (u (t,)) vy )-

.0 . _ 1 (ta ou
Since acommutes with T, (6) can be rewritten < EL" (s—t,) y(s) . v, |, ds
as
n The second term at the right hand side of (8 ) can be

Alt (nh =mi v )+ (Vi v, ) - H(bmﬂl Divi )+ (261} Vi) * estimated as follows:
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N CEXAER T (D

Moreover, we have
(b [, (u

H —u(t,.,) H )l vall,

ts)): DV ) < T

IA HM:

and
(ao H;h (u (tn ) —u (tn+l)) +Vh )
S "aolllf(Q) "Hfh (u (tn )_ u (tnﬂ))”,“1 ”Vh "1
L (Q) Hnll(,h (u (tn ) —u (tn+1))H0 ”Vh ”1 :

Therefore, (8) becomes

n 1 ¢toa 82u
()= L[ et Z8) plos
1 ¢tos ou
ST (RISLIE R

H +Ha0HL (Q) Hnrh (U (tn+1)_u (tn )) o

(U () —u (L)),

(SE,Vh) 1 o 1t I ou
Ml A o © 6t2 0 o Al ( B )7(3)
+ "Hl,h u n+1)_u(tn )) +"a0 L (Q) "H ”*1

By using inequality, we have

o°u
Ea

(Sh Vh) 1 (¢t 2 % th
=sup —~ < —(.[‘n (s-t,) ds) J'[n

ey V], At
1
2 2
ds
-1,h

(1-115) 516

1
1 n+l 2 n+l
i
At t

[val, s

u tn ) —u (tml))H_Lh th Hl

N

o%u

2
—(s)| ds
ot? L

1
2 2
dsJ

o T (U () —u(t

it < 21
1 k
+ﬁ[jt" ( th)@t()

T (u () —u(t)],

")

e

2
0 :l !
1t ou, ||
dS+ZtIt: H(I—Hﬁ)é’(s)

-1h
2
o '

ds

2
s)
-1h

n 2 tha azu
<G {At.ft" W(

2
Bl o [ (u

(tn+l)7 u (tn ))

+[IH (u(t) -u(t,)

< i 62 K
<G, At.[tn at2 ds+ —J I th ds
O
+
net 0

Zm))m I: fhi(s) ds}
n 2 tha K u 2
e, < Atf arz 2(s) ds+AtI (1-T1, )= (s)ods

$]

(1+||ao||iw(g

))At .[:A Eu(s)

1since the operator Hfh is uniformly bounded in

2 2
ds] H
-1,h

t (). From (7), we obtain

ds

(1- Hlk“)at()o

}H o[ el )]

< - ) 0 S S
+ CgAtJA:nM[ a@—:

o%u
o)

o) +

1

+||Hfh(u(tn+l)—u(tn))|0 Jup—ut(t, ) H(I I, )u (n) +exp(C.t,) [ Jug, ~TT5, (u )Hz
+"a0 L (Q) ”H;h (U (tn+l)_ u (tn )) |0 !

ty ou, ||?

0 (l—Hfh)E(S) OdS
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st }
0

, +exp(Cstn) {"Uo,h - ih (UO)"o

2
o%u

au
all

+C, (ary J;"{ =)

where np =up -1, (u(t,))-

1

Os"(l— )u(t,)

(-1t 2o

up—u(t,)

+ CJ;“ ds

0

2
o%u

au
ER NERR

)

1

2 2

ds; .
0

Ill.  CONCLUSION

+C, (aty j;[

I8

This paper has presented parabolic advection-
diffusion problem. Then, we study numerical
schemes for initial boundary value problem. And
then, we prove convergence of the semi implicit
problem.
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